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The main purpose of the present paper is to derive some results for analytic functions
whose takes values on concave domains. As special cases of these results, several new
sufficient conditions for univalency and starlikeness of analytic functions are obtained.
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1. Introduction and preliminaries
LetAn denote the class of functions of the form
f (z) = z +
∞
k=1
ak+nzk+n (n ∈ N = {1, 2, . . .})
which are analytic in the open unit discU = {z : |z| < 1}. In particular, we setA1 = A. As usual, we denote by S the subclass
ofAn, consisting of functions which are univalent in U . Also we define the subclass S∗ of starlike functions whenever f (U)
is a domain that is starlike with respect to the origin. We denote the subclass of An consisting of functions f (z) satisfying
Re( f (z)z ) > 0 by Sn0 . Set S10 = S0.
Let β < 1 and k be a real number such that k > 1, we define
Dk(β) = {ω ∈ C; |ω − kβ| > |Reω − β|},
and
Ω(β) = {ω ∈ C; |ω − 2β + 1| > |Reω − β|}.
It is easy to see that Dk(β) is a concave region laying on the left side of the parabola
γ : y2 = 2βx(k− 1)− (k2 − 1)β2.
AlsoΩ(β) is a concave set on the right side of the parabola
γ : y2 = 2(β − 1)x− 3β2 + 4β − 1.
We shall use the following lemmas to prove our main result.
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Lemma 1.1 ([1]). Let ω(z) = ωnzn + ωn+1zn+1 + · · · be analytic for |z| ≤ |z0| < 1 with ω(0) = 0. Then if
|ω(z0)| = max{|ω(z)| : |z| ≤ |z0|},
then z0ω
′(z0)
ω(z0)
= m, where m ≥ n.
Lemma 1.2 ([2]). If
f (z) = z + a2z2 + a3z3 + · · · ∈ S0,
then the partial sums
sn(z) = z + a2z2 + a3z3 + · · · + anzn (n = 2, 3, . . .)
are univalent in |z| < 14 .
Lemma 1.3 ([3]). If f (z) ∈ S0, then f (z) is univalent in |z| <
√
2− 1.
2. Main results
Theorem 2.1. Let n ∈ N = {1, 2, . . .}, k > 1, γ > 0, 2k+1 < β < 1 and 0 < α ≤ γ n(k−1)β . If q (be a nonvanishing function in
the (U − {0})) belongs toAn and the function h(z) = (1− γ )( zq(z) )α + γ zq
′(z)
q(z) (
z
q(z) )
α satisfies
h(U) ⊂ Dk(β),
then
Re

z
q(z)
α
> β.
Proof. Suppose p(z) = ( zq(z) )α . It is easy to check that
(1− γ )

z
q(z)
α
+ γ zq
′(z)
q(z)

z
q(z)
α
= p(z)− γ
α
zp′(z). (2.1)
We define the function ω(z) by
p(z) = 1+ (1− 2β)ω(z)
1− ω(z) . (2.2)
Then ω(z) is analytic in U and ω(0) = 0. It follows from (2.2) that
p(z)− γ
α
zp′(z) = 1+ (1− 2β)ω(z)
1− ω(z) −
γ
α
2(1− β)zω′(z)
(1− ω(z))2 . (2.3)
Suppose that there exists a point z0 ∈ U such that
max
|z|≤|z0|
|ω(z)| = |ω(z0)| = 1.
Then, using Lemma 1.1, we have
z0ω′(z0) = mω(z0) (m is real andm ≥ n),
and ω(z0) = eix where 0 ≤ x ≤ 2π . Thus from (2.3) we obtain that
p(z0)− γ
α
z0p′(z0) = β + i (1− β) sin x1− cos x +
γ
α
m(1− β)
1− cos x ,
so p(z0)− γ
α
z0p′(z0)− kβ
2 = p(z0)− γ
α
z0p′(z0)− β − (k− 1)β
2
=

γ
α
m(1− β)
1− cos x − (k− 1)β
2
+ (1− β)
2 sin2 x
(1− cos x)2
=
Re p(z0)− γ
α
z0p′(z0)

− β
2
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+ (k− 1)
2β2(1− cos x)+ (1− β)2(1+ cos x)− 2(k− 1)β γ
α
(1− β)m
1− cos x
≤
Re p(z0)− γ
α
z0p′(z0)

− β
2
+ (k− 1)
2β2(1− cos x)+ (1− β)2(1+ cos x)− 2(k− 1)β γ
α
(1− β)n
1− cos x .
If we let f (t) = t[(1 − β)2 − (k − 1)2β2] + [(k − 1)2β2 + (1 − β)2 − 2(k − 1)β γ
α
n], where t = cos x, then under the
hypothesis of the theorem we obtain
f (t) ≤ 2(k− 1)β

(k− 1)β − γ
α
n

≤ 0.
Hencewe have |p(z0)− γα z0p′(z0)−kβ| ≤ |Re(p(z0)− γα z0p′(z0))−β| and this implies that h(z0) ∉ Dk(β)which contradicts
the hypothesis of the theorem so Re( zq(z) )
α > β (z ∈ U) and the proof is complete. 
By putting γ = α = 1 and q(z) = f (z)f ′(z) in the Theorem 2.1 we have.
Corollary 2.1. Let f be univalent and belongs toAn, 23 < β < 1 and the function
h(z) = zf
′(z)
f (z)

zf ′(z)
f (z)
− zf
′′(z)
f ′(z)

,
satisfies the condition
h(U) ⊆ D2(β),
then Re zf
′(z)
f (z) > β .
Also by choosing γ = α = 1 and q(z) = z2f ′(z)f (z) in the Theorem 2.1 we obtain.
Corollary 2.2. Let f be univalent and belongs toAn, 23 < β < 1 and the function
h(z) = f (z)
zf ′(z)

2+ zf
′′(z)
f ′(z)

− 1,
satisfies the condition
h(U) ⊆ D2(β),
then Re f (z)zf ′(z) > β .
Corollary 2.3. Let n ∈ N = {1, 2, . . .}, k > 1, γ > 0, 2k+1 < β < 1 and 0 < α ≤ γ n(k−1)β . If q (be a nonvanishing function in
the (U − {0})) belongs toAn and
Re

(1− γ )

z
q(z)
α
+ γ zq
′(z)
q(z)

z
q(z)
α
<
(k+ 1)β
2
then
Re

z
q(z)
α
> β.
Proof. It is easy to see that the region Γ = {z ∈ C; Rez < (k+1)β2 } is contained in Dk(β) and so by Theorem 2.1 we get our
result. 
Corollary 2.4. Let n ∈ N = {1, 2, . . .}, k > 1, γ > 0, 2k+1 < β < 1 and 0 < α ≤ γ n(k−1)β . If q (be a nonvanishing function on
(U − {0})) belongs toAn andarg(1− γ ) zq(z)
α
+ γ zq
′(z)
q(z)

z
q(z)
α > arctan

k− 1
k+ 1
then
Re

z
q(z)
α
> β.
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It is known that the function g(z) = 1+(1−(k+1)β)1−z satisfies the condition Reg(z) < (k+1)β2 for (z ∈ U). Set p(z) = ( zq(z) )α and
(1− γ )

z
q(z)
α
+ γ

zq′(z)
q(z)

z
q(z)
α
= p(z)− γ
α
zp′(z) = 1+ (1− (k+ 1)β)
1− z .
Solving this differential equation we find that p(z) = 1− α(2− (k+ 1)β)∞n=1 znγ n−α . Now using Corollary 2.3 we obtain
the following example.
Example 2.1. If k > 1, γ > 0, 2k+1 < β < 1 and 0 < α < min{ γ(k−1)β , γ } then we have
Re

1− α(2− (k+ 1)β)
∞
n=1
zn
γ n− α

> β.
Theorem 2.2. Let n ∈ N = {1, 2, . . .}, γ > 0, β < 1 and 0 < α ≤ γ n. If f ∈ An and h(z) = (1− γ )( f (z)z )α + γ zf
′(z)
f (z) (
f (z)
z )
α
satisfies the condition
h(U) ⊆ Ω(β),
then
Re

f (z)
z
α
> β.
Proof. Defining the function p(z) by
p(z) =

f (z)
z
α
,
we have
(1− γ )

f (z)
z
α
+ γ zf
′(z)
f (z)

f (z)
z
α
= p(z)+ γ
α
zp′(z). (2.4)
If we define the function ω(z) by
p(z) = 1+ (1− 2β)ω(z)
1− ω(z) , (2.5)
then ω(z) is analytic in U and ω(0) = 0. Assuming that there exists a point z0 ∈ U such that
max
|z|≤|z0|
|ω(z)| = |ω(z0)| = 1.
Lemma 1.1, implies that
p(z0)+ γ
α
z0p′(z0) = β + i (1− β) sin θ1− cos θ −
γ
α
m(1− β)
1− cos θ ,
where ω(z0) = eiθ . Sop(z0)+ γ
α
z0p′(z0)− β + (1− β)
2 = 2(1− β)2
(1− cos θ) +
m2γ 2(1− β)2
α2(1− cos θ)2 − 2
(1− β)2γm
α(1− cos θ)
=
Re p(z0)+ γ
α
z0p′(z0)

− β
2 + 2 1− γαm (1− β)2
1− cos θ
≤
Re p(z0)+ γ
α
z0p′(z0)

− β
2 + 2 1− γα n (1− β)2
1− cos θ
≤
Re p(z0)+ γ
α
z0p′(z0)

− β
2 .
Thus h(z0) ∉ Ω(β) which contradicts the hypothesis of the Theorem 2.2. Hence, we conclude that |ω(z)| < 1 for all z ∈ U
and the proof is complete. 
By putting γ = α = 1 and n = 1 on the Theorem 2.2 we obtain the result in [4] (see Theorem 1).
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Corollary 2.5. Let n ∈ N = {1, 2, . . .} and γ ≥ 1n . If f ∈ An, satisfies the condition
zf ′(z)
f (z)

1+ γ − zf
′(z)
f (z)
+ zf
′′(z)
f ′(z)

∈ Ω(β) z ∈ U,
then Re zf
′(z)
f (z) > β .
For β < 1, γ > 0 and α = γ the function
h(z) = z

1+ (1− 2β)z
1− z
 1
α
satisfies
(1− γ )

h(z)
z
α
+ γ zh
′(z)
h(z)

h(z)
z
α
∈ Ω(β) z ∈ U,
with
∂

(1− γ )

h(z)
z
α
+ γ zh
′(z)
h(z)

h(z)
z
α
= Ω(β),
and Re( h(z)z )
α > β (z ∈ U), (Re( h(eiθ )
eiθ
)α = β for eiβ ≠ 1). Therefore in the case α = γ > 0 the last β in Theorem 2.2 cannot
be replaced by a smaller number.
Corollary 2.6. Let n ∈ N = {1, 2, . . .}, γ ≥ 0 and 0 < α ≤ γ n. If f ∈ An, satisfies the condition
(1− γ )

f (z)
z
α
+ γ zf
′(z)
f (z)

f (z)
z
α
∈ Ω

1
2

z ∈ U,
then Re( f (z)z )
α > 12 .
It is know [5] that if Re( f (z)z ) >
1
2 for |z| < 1, then f (z) is starlike for |z| < 2
−1
2 . So from Corollary 2.6 we obtain.
Corollary 2.7. Let n ∈ N = {1, 2, . . .}, γ ≥ 1n . If f ∈ An, and
(1− γ )

f (z)
z

+ γ f ′(z) ∈ Ω

1
2

z ∈ U,
then f is starlike for |z| <
√
2
2 .
Also by using Lemma 1.3 we have.
Corollary 2.8. Let n ∈ N = {1, 2, . . .}, γ ≥ 1n . If f ∈ An, and
(1− γ )

f (z)
z

+ γ f ′(z) ∈ Ω(0) z ∈ U,
then f is univalent for |z| < √2− 1.
Finally, using Lemma 1.2 and Theorem 2.2 we obtain.
Corollary 2.9. Let n ∈ N = {1, 2, . . .}, γ ≥ 1n . If f (z) = z + an+1zn+1 + an+2zn+2 + · · · + an+mzn+m + · · · ∈ An, and
(1− γ )

f (z)
z

+ γ f ′(z) ∈ Ω(0) z ∈ U,
then the partial sums
Sm(z) = z + an+1zn+1 + an+2zn+2 + · · · + an+mzn+m
are univalent for |z| < 14 .
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